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Abstract. An insect oocyte with a disc-shaped sink of
current on its ventral surface during a vitellogenic phase
of development is used to demonstrate modeling of ex-
pected currents arising from a mathematically defined
source. A simple model with an analytical solution for
the expected currents is compared to a more complex
model in which expectations are computed by mathe-
matical integration. The currents about two oocytes of
different pattern type are interpreted in light of the two
models.

Introduction

Ionic currents surrounding an insect oocyte may have
a role in the physiology and development of the future
embryo (Jaffe, 1986). The vibrating probe makes it possi-
ble to describe such currents in terms of their spatial pat-
tern and intensity. During vitellogenesis the cockroach
oocyte, a simple panoistic insect oocyte, has a sink of
inward current at its ventral surface and a complimen-
tary exit of current more broadly from the dorsal surface
(¢f., Kunkel, 1986; Kunkel et al., 1986). However, be-
cause the probe is non-invasive and is vibrating, current
is measured at positions remote from the actual cell
membrane. Typically the probe vibrates one probe di-
ameter, making it in fact impossible to approach a source
closer than 25 u with the center of vibration of a 25-u
probe. Thus, a display of fields of current vectors mea-
sured at any distance from the oocyte gives an incom-
plete characterization of even this relatively simple pat-
tern with respect to the cell surface. This is because cur-
rent measurements made at discrete positions remote
from the cell surface are weighted integrations of current
from all membrane sources, with local sources more
heavily weighted for two reasons: first, as indicated by
equation (1) the contribution of current from each point
on the cell falls off with the square of its distance from
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the measuring point and second, only the components
in the directions of the probe’s two vibration axes are
measured.

It is crucial to understand the relationship between
measured current patterns in the medium and current
sources flowing through a membrane. With such an un-
derstanding, rapid and repeated sampling of current
fields about cells would then lead to knowledge about the
patterned ionic flux through the membrane and hence
through the cell.

So far the mathematics of patterns of currents has only
been applied by a few investigators in the field, and only
in simple cases (Jaffe et al, 1974; Betz and Caldwell,
1984). Freeman and ef al. (1985) examined a more com-
plex model. We introduce here an attempt to establish
an approach with a slightly more complex system that
changes over time. We expect this will lead to the sequen-
tial building of mathematical models, which will allow
us to describe the current properties of any membrane
system examined by means of the non-invasive vibrating
probe technique.

Making sense of these fields of currents requires prac-
tice with simple models of hypothesized phenomena. Of-
ten, examining physical and mathematical models of the
patterns and strengths of currents about well-defined,
three-dimensional objects allows more insights than can
be achieved by examining non-ideal natural examples.
However, the models will only provide insight when they
accurately describe and predict natural phenomena.

If current, i, emanates from a single point source, as is
the case for one standard calibration procedure, then the
radial current density ‘I’ is inversely proportional to the
square of the radial distance ‘k’ from the source:

[=i/(4-pi-k% (1

In an isotropic medium then, potential drops per-
ceived by the probe can be automatically interpreted as
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current densities at the probe’s position. This simple
model does not estimate current density at the ‘point’
source, much less from multiple point or irregularly
shaped sources. However this formula (1) can be used in
conjunction with a model or knowledge of current pat-
terns passing through a particular source, to integrate, on
a point-by-point basis, what the current density measur-
able at some external point should be. For the orifice of a
glass electrode used to inject a known current the inverse
calculation of the source current density is simple, divid-
ing the total current on the sphere of radius ‘k’ by the area
of the orifice. Integration formulae have been developed
predicting local currents remote from simple non-point
sources (Freeman et al., 1985; Purcell, 1985). The in-
verse operation of predicting what the source is like
based on remote measurements is the crux of biological
use of the vibrating probe. We examine two models of
disc sources of current and apply these models to inter-
preting the disc-shaped sinks of current we hypothesize
to be on the ventral surface of cockroach oocytes.

Materials and Methods

Measurements of current density around, and at
different distances from, oocytes were made using the 2-
D vibrating probe at the National Vibrating Probe Facil-
ity, Woods Hole. The medium used was a simplified ver-
sion of Landureau’s tissue culture medium and contains
4 mM CaCl,; 14 mM KCI; 5 mM MgSO,; 145 mM
NaCl; 11 mM H;PO;, to buffer the medium at pH 6.8;
110 mA sucrose, to give an osmolarity of 390 mOsm;
12.5 mg/100 ml penicillin; 0.5 mg/100 ml streptomycin.
Individual ovarioles of the German cockroach, Blattella
germanica, were dissected, in this medium, from first
parturition females which had access to food for 2-5
days. [Growth of oocytes is initiated by feeding the fe-
males at 30°C, the temperature for the maximum growth
rate of this species. Newly metamorphosed females,
which have been fed for 4 days, for example, have oo-
cytes approximately % of the way through the vitello-
genic phase, measuring 1.2-1.3 mm, and will be ovu-
lated in 2 days (Kunkel, 1973)]. A single ovariole was
dissected from an ovary and was then carefully posi-
tioned in an 8-ml plastic petri dish filled with medium. A
layer of mineral oil over the medium’s surface prevented
evaporative convection of the medium. A heating coil
and thermal probe in the oil layer maintained the prepa-
ration at 30°C. Oocytes prepared in this manner have
exhibited stable currents for up to 10 h.

An XYZ coordinate system describes location. The X
dimension is parallel to the length of the oocyte. Positive
x-values are anterior, negative are posterior relative to
the adult and the future embryo. The Y dimension de-
fines the dorsal ventral axis of the future embryo, ventral

values being positive and dorsal negative. The X-Y plane
with z = 0 is defined as the mid-sagittal plane through
the oocyte. The Z dimension is lateral.

Two oocytes provided the data used in this study (Fig.
1). Although similar in size this time represents a transi-
tion in the current pattern which is correlated with oo-
cyte growth. One (oocyte #1, 1.1 mm) was probed repeat-
edly close along the ventral mid-sagittal surface. Current
densities from the other (oocyte #2, 1.2 mm) were first
measured also close along the ventral mid-sagittal sur-
face. Subsequent measurements were then made at vari-
ous distances away from the surface, in the mid-sagittal
plane. Additional measurements were made close to the
oocyte to check that the currents remained stable. The
data collected consisted of the x, y, and (z = 0) position
of the probe, and the resolved x- and y-currents, I, and
I,. From I, and I, the mid-sagittal total current, L, and
the angle of the resultant current vector in the X-Y plane
were calculated; these are plotted in Figure 1. This ‘total
current’ cannot include an I, component since the probe
does not vibrate in that direction. Thus the I, vector for
the 2-D vibrating probe describes only two of the three
dimensions of measurable current at a point in space re-
mote from a three-dimensional source. However, I, and
I, do benefit from point sources located in the Z direction
(Fig. 3.)

Data from the PDP 11/23 system at the NVPF was
captured on an MS/DOS computer configured as a ter-
minal of the PDP 11/23 and stored on floppy disc. Fur-
ther data analysis was made with a 80286 computer fitted
with a 80287 math coprocessor using both commercial
and custom designed software. MathCad was useful for
numerical integrations of equations using circular coor-
dinates. Custom software included a vector and cell out-
line plotting program and a contour fitting program writ-
ten in Turbo Pascal.

Results

The first model that was examined is described by the
equation:

I, = 2 pi I(1 — [k/sart(k’ + a?)]) )

which predicts the current, I,, measured remote from a
disc shaped source of radius ‘a’, current density ‘I’ at ra-
dial distance ‘r’ on the disc surface, at a distance ‘k’ along
the Y-axis normal to the center of the disc at (x, y, z)
= (0, 0, 0) (Purcell, 1985). Along this axis both I, and I,
are zero. Thus, the true total current is equivalent to both
I; and Iy. It should be noted that in this model, and also
in model II, that I, is a constant for r < a; but this could
change in future models in which a non-uniform disc is
considered. Relative to the central axis, the disc source is
radially symmetric and thus the integral equations are
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Figure 1.

Outlines of two oocytes with local total current density vectors measured with a 2-dimen-

sional vibrating probe. A circle marks the head of each vector. The base of each vector indicates the point
of measurement. The length and direction of the displayed vector are computed as the sum of the x- and
y-current vectors. A scale bar in the upper right corner for each oocyte indicates the vector callibration.
(A)Oocyte #1 (1.1 mm)—repeated scans close to the mid sagittal ventral surface. (B) Oocyte #2 (1.2 mm)—
measurements made at various distances away from the mid sagittal ventral oocyte surface. N. B. The
current vectors of these oocytes are an order of magnitude smaller than those of Kunkel (1986). The
discrepancy is due to an error in a computer program being developed at the earlier time. This error has

since been corrected.

simple and can be solved analytically. Equation (2) is
that analytic solution (Purcell, 1985).

In applying model I to experimental situations the dis-
tance, k, from the surface and the current I, at position
(x,¥,z) = (0, k, 0) are measurable. The radius and density
of the current source on the surface are estimated by fit-
ting the ‘a’ and ‘I,” parameters of equation (2) to observed
(k, I,) data. The greatest current density, I,, emanating
from oocyte #2 was measured in the central region. Total
current densities at positions above the surface measured
from this region were fitted to equation (2) and the radius
of the disc source was calculated to be 125 u and current
density on the disc to be 3 uA/cm?. The data fit well to
the theoretical curve (Fig. 2) with the exception of those
values measured during the first and last (9th) scans. Fit
of scans 1 and 9 are substantially improved if a linear
time-dependent decay rate (1/3 per h) is added to the
equation. Measurement ended after scan 9 because it be-
came obvious that the currents had begun to deteriorate
at that time. Deterioration is evident from the positions
of these data with respect to the theoretical curve, scan 1
data lie above the curve, scan 9 lie below. Model I cannot
be fit to oocyte #1 data since scans were not done at vary-
ing distances from the source.

Subsequently, model II, a more flexible and complex
extension of model I, was examined. This first step in
increasing complexity is described by equations (3) and
(4), which are based on Figure 3. They describe the nor-
mal, I,, and tangential, I,, currents measured along the
X-axis at a distance y above a model disc of uniform cur-
rent density. With x = 0, model II is identical to model
I; but when x is not equal to zero, the equations to be

integrated are not rotationally symmetric, have no ana-
lytic solution, and thus must be integrated mathemati-
cally. Equations (3) and (4) allow the estimation of I, and
I, at any point off the central axis by means of point-
by-point mathematical integration of the current coming
from all points (x, 0, z) on a source surface measured at
the point (x, vy, z) (Fig. 3). In practice, since the model
disc’s source is symmetric about (x, y, z) = (0, 0, 0), com-
putations were simplified by making computations only
for external pointsin the X-Y plane in what would corre-
spond to the mid-sagittal plane of an oocyte, z = 0. Theo-
retical isopotential lines generated by these equations are
shown in Figures 4 and 5. These figures demonstrate very
clearly that I, has maxima and minima corresponding to
the edges of the disc source. Figure 5A especially shows
that these peaks can be diagnostic of the size of this disc.
In addition, the model of total current, I, = I, + I, pre-
dicts a plateau for large diameter discs probed close to
the surface (Fig. 5B). In this case close would correspond
to a distance that is a small fraction of the probed disc
diameter, 2 units for a radius 10 disc.

Model II expectations were applied to the observed
data from oocytes 1 and 2 (Fig. 6). The data from oocyte
#1 are shown in Figure 6A. The plot of tangential cur-
rent, I,, shows clear maxima and minima indicating, if
model II is accurate, that the source of inward current
has a diameter of about 500 x. This value correlates well
with the size implications of Figure 1. However, for this
oocyte, minimum I, is not symmetric with maximum
I, as an ideal disc would exhibit. This suggests that the
effective source (that is, either its shape or the distribu-
tion of pumps or channels) is not a perfect disc nor mir-
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Figure 2. Theoretical current density generated by equation (2) (see text), using a disc source radius
125 p and a source current density of 3 uA/cm? is plotted as a solid line. The observed data of oocyte #2
are superimposed. Each scan is plotted using a distinct symbol and the start time of the scan is tabulated
in minutes from disection time. The outlined measurements above and below the curve are those of scans

#1 and #9 respectively (see text).

ror symmetric along the X-axis. This is supported by the
plot of I, the normal current, which shows a displaced
maximum. The relatively sharp peak of I, also suggests
that the maximum inward current is highly focused in
this oocyte. No plateau of the total current, I, is per-
ceived, additional support for the suggestion that the disc
is non-uniform. The size of the disc is large enough such
that probing at the typical distance from the ovariole sur-
face, 35 u, at the disc center should result in a measured
current density in the medium about 5-6 times the
membrane level current density. This would suggest that
the true current density at the disc center of oocyte 1 is
closer to 0.5-1 pA/cm? and closer to 3 uA/cm? for oo-
cyte 2.

Plots of scan 1 data from the second oocyte (Fig. 6B)
suggest a differently shaped source. The plots of I, have
no sharply defined maxima and minima, which suggests
that there is inward current across the major part of the
ventral surface (i.e., 900-1000 u) and it is not focused.
This is in contradiction to the prediction of model I
(which suggested a source 250 u in diameter) but corre-
lates more reasonably with what is intuitively observed
in Figure 1. Again, minimum I, is not quite symmetric
with the maximum I,. The plot of I, has a broad plateau,
which again indicates that the center of inward current
is not focused. Plots of I, for this oocyte are flat, indicative
of a broad and relatively uniform unfocused current

source. In comparing oocyte 1 and 2, the membrane
level current grew from 1 to 3 uA/cm? and the area of the
inward current increased by a factor of 2-3. The trend
suggested by these two exemplars was observed overall
in a substantially larger sample of oocytes, which will be
reported elsewhere in a developmental context.

Discussion

Adequate interpretations of non-invasive physical
measurements about cells depend upon appropriate
models of the sources. Model I, equation (2), describes
the decay of current along the normal axis, perpendicu-
lar to the center of a disc source and yields an estimate
of the radius and the current density of the disc. It is sen-
sitive enough to indicate deterioration of the source, but
it has some restrictive limitations. The first is that mea-
surements must be made along an axis normal to the cell
surface, a position and direction that may be difficult to
know under experimental conditions or that may shift
with time or with changing conditions. We know that
the borders of the disc (current reversal from inward to
outward) shifts somewhat from scan to scan; but we do
not yet know whether this, for example, corresponds to
shifts in the center of the disc or to local changes in the
disc border. The second limit of model I is that only the
average radius of a source can be sensed so that asym-
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Figure 3. Physical model for equations (3) and (4). These indicate the 3-D disc source located on the
ventral surface of a hypothetical oocyte measured by the probe in 2 dimensions: X, Y, Z—the three dimen-
sions of space. A disc source of current is located in the X-Z plane on the ventral oocyte surface with its
center at (x, y, z) = (0, 0, 0). X is parallel to the length of the oocyte on which the disc is located. Y is
normal to the disc at its center. The X and Z axes are tangential to the disc surface. The vibrating probe
vibrates in two dimensions, X and Y only. The X coordinate at the point of measurement is designated
Xo. A dashed line outlines a right triangle in 3-space whose legs are y in the Y-dimension, (r-cos (a) — xp)
in the X-dimension and (r-sin («) in the Z-dimension.

« = angle, in radians, used to transform the XZ coordinates (x, 0, z) into circular coordinates («, r).

a = radius of the disc, in arbitrary units.
r = the radius at a particular point on the source.

I. = 1 uA/(area unit)? for r < a, the current density through the disk at a particular radius, r.

metries such as those suggested by departures from the
more complex model II cannot be demonstrated. Equa-
tion (2) is limited to relatively small discs on a cell surface
because distortions of a disc, due to, for example, cell
curvature, will lead to substantial departures of the pre-
dicted curve from ideal behavior. Since the theoretical
curve (2) has only two parameters dictating its form, it is
difficult to ascribe departures in the shape of the curve to
a particular departure of a disc from its ideal form.
Equations (3) and (4) describing model II are more ro-
bust in their ability to detect a divergence of observed
data from ideal predictions and are, in general, more in-
formative. The equation of the tangential current I, (3)

indicates the limits of the source independently and so
can detect an asymmetric source. For small disc sources
the equation for current normal to the disc surface, I,
(4), provides a means of calculating the membrane-level
current. Point-by-point integral equations can model ir-
regularly shaped sources limited only by the ingenuity of
the defining equations for the surface of integration and
the current density function, I, = I(x, 0, z) = 1 uA/cm?
for r < ain this case. Such an ability to model currents is
necessary to relate patterns of remotely measured cur-
rents to the distributions and densities of functioning ion
channels and pumps. Application of model II to the data
collected from the two oocytes indicates that the sink of
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Figure 4. Predicted currents, generated from equations (3) and (4):
current density at source held at 1 uA/unit? on a disc of radius 5 units.
(Bottom Panel) Isopotential contours for tangential, (I,, thick con-
tours) and normal, (I, thin contours) current densities. Below the con-
tour plot is a representation of the disc source; a dotted line through
the disc represents the location of the scan. (Top Panel) Isopotential
contours for total current density (It, thick contours) and contours of
equal angles (thin contours) subtended by the vectors.

inward current from the smaller oocyte is smaller and
more tightly focused than that from the larger oocyte.
This may be simply interoocyte variability or it may be
a developmental change. Clearly, however, model II can
quantitate the difference.

Thus, model II provides substantially more informa-
tion than model I and allows for relatively easy extension
to more complex models. However, it too has its limita-
tions. Like the first model, it may overestimate current
density at the disc surface by as much as 2.pi. This is
because measurements made include substantial lateral
contributions especially when the disc radius is large,
even if the measurements are made as close to the surface
of the disc as possible (1 probe diameter). This corrup-
tion of local measurements by lateral components argues

for routine measurement of the decay of current away
from the surface to increase the ability to use modeling
to predict the shape of the current source. A greater den-
sity of measurements at closer intervals along the surface
can achieve similar ends. Sparse data are difficult to
model with high resolution. In particular, geometric con-
ditions increasing the number of measurements of either
I, or I, may be preferable. As in model I, model II
equations (3) and (4) assume a flat disc source while the
oocyte surface is, of course, curved. Thus, we need to
develop models that take more advanced geometry into
account. Thisis not a difficult problem when mathemati-
cal integration is used as we did for model II. In spite of
these limitations, model II is able to improve our inter-
pretation of the observed currents about oocytes #1 and
#2. It further provides an approach by which subtle
changes of current pattern measured during develop-

-14 K 14

Figure 5. Calculated current densities: current density at source
= 1 uA/unit?; measured along the X axis: (A) I,, I,, I, and the angles of
the vectors from discs of radius 1-11 arbitrary units; at 1 distance unit
above the disc source. (B) I, I,, I, and angles from a disc, radius 10
units; predicted for 1 to 14 Y distance units above the disc source.
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Figure 6. Observed data interpreted according to the model of I, I, and I, plotted under oocyte outlines

for (A) Oocyte #1; (B) Oocyte #2

ment or caused by experimental manipulations may be
interpreted with greater insight. Thus, a better under-
standing of the physiology of the oocyte should be pos-
sible.
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